SOME MODULI SPACES OF BRIDGELAND'S STABILITY CONDITIONS 
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Abstract. We shall study some moduli spaces of Bridgeland's semi-stable objects on abelian surfaces and 
K3 surfaces with Picard number 1. Under some conditions, we show that the moduli spaces are isomorphic 
to the moduli spaces of Gieseker semi-stable sheaves. We also study the ample cone of the moduli spaces. 



0. Introduction. 

Let X be an abelian surface or a K3 surface over a field t. Denote by Coh(X) the category of coherent 
sheaves on X, by D(X) the bounded derived category of Coh(X) and by K(X) the Grothendieck group of 
D(X). 

Let us fix an ample divisor H on X . For f3 £ NS(X)q and u £ Q>o-ff , Bridgeland [4] constructed a stability 
condition ap tUJ = (21^^), Z(p^)) on Here 2l(/3, u ) is a tilting of Coh(X), and Z ■ K(X) — > C is a 

group homomorphism called the stability function. In terms of the Mukai lattice (H*(X,Z) a \ g7 (•,•)), ^(/3,lj) 
is given by 

Z iM {E) = (e 0+ ^,v(E)), E G K(X). 

Here v(E) := ch(£')v / tdx is the Mukai vector of E. Hereafter for an object E £ D(X), we abbreviately 
write Z(p iU ){E) := Z(p^)([E]), where [E] is the class of E in K(X). Let <j>(p, u ) '■ &08,w) \ {0} ~^ (0, 1] be the 
phase function, which is defined to be Z^^{E) = |Z (i9jW) (B)|e 7r ^ =T ^« J , w )( B ) for 0^£e 2l ((3 ^). 

Let w\ be a primitive isotropic Mukai vector of an object in Qlm >ui )- In this note, we shall study semi-stable 
objects E with respect to such that 4>(/3,u})(E) = <f>nj u )(wi). Assume that there is a coarse moduli 

scheme Mrp u )(wi) of stable objects and M(p jU1 )(ivi) is projective. In the case where X is an abelian surface, 
[9] implies that this assumption is satisfied for any pair (/3,u>). Indeed Mip tU \{w\) is the moduli space of 
semi- homogeneous sheaves (up to shift). 

We set X\ := Mrp tU )(wi). Let E be a universal family as a complex of twisted sheaves on X x X\. Let 

^x^Jti : D W ~> DQ (Ai) be a twisted Fouricr-Mukai transform by E, where (-) v := R7iom(-,0) is the 
derived dual, and a is a representative of a suitable Brauer class [a] £ H? t (Xi,O x ). For simplicity, we set 

For v e i?*(X,Z) a ig and /3 G NS(X) Q , we set 

(0.1) 1-0 (w) := -(v,qx), a fj {v):= -(v,e p ), d fj {v) := — ^ . 

Then 

(0.2) v = r p (v)e p + a {v) ex + {dp{v)H + Dp(v)) + {dp(v)H + Dp(v),(3) Qx , D p (v) G H x n NS(X)q. 

For a pair (/3,w), Mtp tU )(v) denotes the moduli stack of cr^^-semi-stable objects E with v(E) = v. 
Then we have the following result. 

Theorem 0.0.1 (Theorem 3.3.3). Let X be an abelian surface, or a K3 surface with NS(X) = IH . Assume 
the following conditions: 

(1) There is a smooth projective surface X\ which is the moduli space M^^(w±) of stable objects E 
with v(E) = w\. 

(2) (/?, u>) satisfies 

{dp(v)w 1 -d (w 1 )v,e^ + ^ Iu )=O. 

(3) (/3, u>) does not belong to any wall for v, or w\ defines a wall W Wl for v and (/3, to) belongs to exactly 
one wall W Wl . 
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Then for a general (/3',u/) in a neighborhood of(fi,uS) such that (/3', H) = (/3, H), there is an ample divisor Hi 
on X\ such that M.rp' tU1 >\(v) is isomorphic to the moduli stack Mh 1 (u) ss of Gieseker semi-stable (twisted) 
sheaves with the Mukai vector u, where u = $(i>) or u — $(d) v . In particular, there is a coarse moduli 
scheme M^i >(J /)(u) which is isomorphic to the moduli scheme of Gieseker semi-stable sheaves M/f 1 (u). 

As a corollary of this theorem, we get the following. 

Theorem 0.0.2 (Theorem 4.1.1). Let X be an abelian surface or a Ki surface with Pic(X) = ZiT. Assume 
that (P,lo) is general with respect to v. Then there is a coarse moduli scheme Mm tUI -\(v) which is isomorphic 
to the projective scheme M g(<f>(v)) , where H is a natural ample class on X\ associated to H . 

If X is an abelian surface, we can also study the ample cone of M^^{v) by using this theorem (Corollary 
4.3.3). 

1. Preliminaries 

As in the introduction, let X be an abelian surface or a Ki surface over a field {, and fix an ample divisor 
H on X. 

1.1. Notations for Mukai lattice. We set j4* lg (X) = ©^ =0 yl! llg (A) to be the quotient of the cycle group 
of X by the algebraic equivalence. Then we have A° alg (X) = Z, A* lg (X) NS(A) and A 2 alg (X) = Z. We 
denote the fundamental class of A 2 lg (X) by qx, and express an element x £ (X) by x = xq -\-x\ + x 2 qx 
with xq £ Z, x\ £ NS(A) and x 2 £ Z. The lattice structure (•, •) of A* alg (X) is given by 

(1-1) (x, y) ■= (xi,yi) - (x y 2 + x 2 y ), 

where x = xq + x\ + x 2 Qx and y = yo + yi + y 2 Qx- We will call (A* lg (X), (•, •)) the Mukai lattice for X. In 
the case of 6 = C, this lattice is sometimes denoted by H*{X, Z)ai g in literature. In this paper, we will use 
the symbol H*(X, Z)ai g even when 6 is arbitrary. 

The Mukai vector v(E) £ H*(X, Z) alg for E £ Coh(A) is defined by 

v(E) :^ch(E)y r td^ 

= rkE + ci{E) + ( X (E) -srkE)gx £ H*(X, Z) alg 

where e — 0, 1 according as X is an abelian surface or a K3 surface. For an object E of T)(X), v(E) is defined 
by ^2 k (— l) k v(E k ), where (E k ) = (• • • — >• E^ 1 — >• E° — >• E 1 — >• • • ■ ) is the bounded complex representing the 
object E. 

For /3 £ NS(X)q, we define the /3-twisted semi-stability replacing the usual Hilbcrt polynomial x(E(nH)) 
by X (E(-P + nH)). 

For a Mukai vector v, M.^ H (y) ss denotes the moduli stack of /3-twisted semi-stable sheaves E on X with 
v(E) = v. M H (v) denotes the moduli scheme of S'-equivalence classes of /3-twisted semi-stable sheaves E on 
X with v(E) = v and M^(v) denotes the open subscheme consisting of /3-twisted stable sheaves. If /3 = 0, 
then we write Mh{v) := M H (v). 

1.2. Stability conditions and wall/chamber structure. Let us recall the stability conditions given in 
[9, § 1]. For E £ K(X) with (0.2), we have 

Z (M (E)={e^+^,v(E)) 

= - a p {E) + ^-rp(E) + dp{E)(H,w)V=l. 

Then 2l(/3 jU ) is the tilt of Coh(X) with respect to a torsion pair ("£(8 u)i Sm^)) defined by 
(i) 3T(/j u ) is generated by /3-twisted stable sheaves with Z^^(E) £ IUK<o. 
(ii) t?(/3,^) is generated by /3-twisted stable sheaves with —Z^^iE) £ iUl<o, 
where H := {z £ C | Im z > 0} is the upper half plane. 

For a chosen (3 £ NS(X)q, let us write b := (/3, H)/{H 2 ) £ Q. Then (3 = bH + n with n £ H ± n NS(X)q. 
Now let us set 

Si :={(??, W) |7?GNS(X) Q , ( V ,H) = 0, lo£Q >0 H}. 

In [9, § 1.4], we showed that the category 2l(b_y+^. w ) changes only when (77, w) moves across the wa/I /or 
categories. Let us recall its definition. 

Definition 1.2.1. Set 

* := {« G ^ig(^) I « G (if + (if, frlOex)- 1 , = -2}- 
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(1) For ug K, we define a wall W u for categories by 

W u := {(r,,u) G i0 R | rk M • (w 2 ) = -2{e bH+ \ u)}, 
where #r is the enlarged parameter space defined by 

£ M := {(77, u) | J? G NS(A) R , (77, H) = 0, w G R >0 H}. 

(2) A connected component of i^jg \ U u6 tH Wu is called a chamber for categories. 

If X is an abclian surface or (to 2 ) > 2, then ^i(bH+ri.ui) docs not depend on the choice of tu. 

Now, the pair 0Y/3 u ) = (2t(/3,&;)i Z(p,u>)) satisfies the requirement of stability conditions on D(X), as 
mentioned in the introduction (see [9, § 1.3] for the proof). In particular, the (semi-) stability of objects in 
21(73 w ) w hh respect to Z^p^) is well-defined. 

Definition 1.2.2. E G D(X) is called semi-stable of phase 0, if there is an integer n such that n] is a 
semi-stable object of 21^ ^) with <j>/p u )(E[—n]) = <f> — n. If wc want to emphasize the dependence on the 
stability condition, we say that E is a \p u )- semi- stable. 

Definition 1.2.3. For a non-zero Mukai vector v G H*(X, Z) a i g , we define Z(p tU )(v) G C and (f)(p lU )(v) G 
(0,2] by 

(1-3) % )U) (u) :=<^ + ^» = I^Wie 7 ^^^. 

Then 

ko^ea^ua^ii]. 

Definition 1.2.4. For a Mukai vector 7;, A^(^ iW )(u) denotes the moduli stack of <J(p,u) -semi-stable objects 
S of 21(73. u ) with 7j(i?) = tj. M(p u )(v) denotes the moduli scheme of the /S-equivalence classes of (7(73. ^-semi- 
stable objects E of with v(E) = v, if it exists. 

Next we recall the wall/chamber structure for stabilities (see [9, §3.1] for details). Let us set the rational 
number 

d/S.min := ^ymin{deg( J B(-/3)) > | E G K(X)} G d[(/? g)]( g 2) Z » 
where d[x] is the denominator of x G Q. Then dp{E) G Z<i/3 jm i n for any E 1 G if (X). 

Definition 1.2.5. Let C be a chamber for categories, that is, %-n>H+'q,u) 1S constant for (r),uj) G C n ij. For 
a Mukai vector w, let us set r := rbH+ v (v), d := dbH+n( v ) an d a := a&H+jj («) using (0.1). 

(1) Let be a Mukai vector, and set 7*1 := rtHH-jj^i), := dbH+rj(vi) and ai := abff+^vi). For i>i 
satisfying 

(a) < di < d, 

(b) (»?) < (d 1 /d)(v 2 )+2dd 1 s/dl H+v mia , 

(c) («?} > -2dle/dl H+n min , 

we define the TuaZZ for stabilities of type v\ as the set of 

W V1 := {( V ,u) G io R I {u 2 ){d ri - d ir ) = 2(-d(e &H +",7, 1 ) + di{e m ^,v))}. 

(2) A chamber for stabilities is a connected component of C \ U Vl W Vl . 

If it is necessary to emphasize the dependence on v, then wc call W Vl by the wall for v. By [9, Lemma 3.1.6], 
if (77, uj) and (77', u/) belong to the same chamber, then M.n,H+r],u:) ( v ) = -MfbH+ri' ,u')( v )- As we explained in 
[9], the above conditions (a),(b),(c) are necessary numerical conditions for the walls of stability conditions. 
Thus there may exist W Vl such that the stability condition does not change by crossing W Vl . For an abelian 
surface, we will give a necessary and sufficient condition of the wall where the stability condition docs change 
in §4.2. 

For the later discussions, we prepare 

Definition 1.2.6. For a complex F G D(X), let ^H P (F) G denote the p-th cohomology group of F 

with respect to the i-structure of D(X) associated to 2t( ( 3. td ). 

By [3, Thm. 1.3.6], H P is a cohomological functor. 
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1.3. Some calculation of Mukai vector. As mentioned at (0.2) in the introduction, if /3 G NS(A)q is 
chosen, then any v G H*(X, Z) a i g can be expressed as 

v = r l3 {vy + a p {v) ex + (dp(v)H + D p (v)) + (dp(v)H + D p (v),0)q x , D p (v) G n NS(X) Q . 

with rp{v),ap(v),dp(v) given by (0.1). The next lemma calculates the dependence of ap(v),dp(v) on /3, 
which will be repeatedly used in our discussion. 

Lemma 1.3.1. For v G f?*(A,Z) alg and /3, 7 G NS(A) Q; 

dp{v)H + D p (v) = r 7 («)(7 - /?) + d»H + D», 



In particular, 



Proof. We note that 



d^(w) = d 7 (u) + r 7 (w) — — . 



e 7 = ^e 7 ^ = + ( 7 - /3 + (7 - P, P)qx) + 
(dy(v)H + D 7 (w),7) = (dy(t;)lf + Z3 7 (»), /3) + (d 7 (v)H + £> 7 (u),7 - /3). 

Hence we get 

w = r 7 (v)e 7 + a 1 {v)g x + (d y (v)H + D^(v) + (d~,(v)H + Dj(v),^)g x ) 

= r 7 (v)e/ + (a 7 (v) + (d 7 (v)H + D» >7 -p)+ r -M((/3- 7 ) 2 )) g x 

+ (r 7 («)(7 - 0) + dy(w)-ff + I> 7 («) + (r 7 («)(7 - 0) + d^H + £> 7 (u), p) Qx ) , 
which implies the claims. □ 

1.4. The homological correspondence. For 7 G NS(A)q, let 



Wi :=rie 7 



=Tl + ^ n l)2 QX + (7 - P + (7 - A /?)£?*) ) G Z)alg 



be a primitive isotropic Mukai vector such that n (7 — /3, if) > 0. 

Assume that there is a coarse moduli scheme X\ := Mrp u \(w\) of stable objects and X\ is projective. Let 
E be a universal object on X x X\ as a complex of twisted sheaves. We have v(E|xx{m}) = Wi, x i G Ai. 
We set t/(Ef {a:}xXi ) = ne 7 ', x G A. 



Definition 1.4.1. For C* £ NS(A) Q , we define C G NS(A X ) Q by 
(1.5) $(C+(C, 7 )ex) = 



C+(C, 7 ')te i; ri>0, 
-(C+(C ! 7 / ) tol ) J ri<0. 



Lemma 1.4.2. (1) // C belongs to the positive cone, then C belongs to the positive cone. 
(2) Let H be an ample divisor on X. Assume that one of the following conditions holds: 

(a) A is an abelian surface, 

(b) NS(A) = ZH, 

(c) M(f} jU> ){ w i) * s the moduli of [i- stable vector bundles, that is, 



Mh(wi), rkwi > 0, 
M H {-wi), rkiUi < 0. 



Then H is ample. Thus we have the following. 
1. Ifn > 0, then 

$(e 7 ) = - — Q Xl , ®(qx) = -rxe 1 ', 

n 

<f>(dH + D + {dH + D, jjgx) =dH + D+(dH + D, j')g Xl , 
where D € NS(A) Q n i?- 1 . 



2. Ifn < 0, then 



$(e 7 ) = - — g Xl , ®(qx) = -rie 1 ' 



$(dH + D + (dH + D, j)q x ) = -[dH + D+{dH + D, j')g Xl ) , 

where D € NS(A) Q n i?- 1 . 
Proof. (1) If n > 0, then 



^) = --q Xi , = -rieT', $(C + (C, 7 )ex) = C + (C, 7')^ . 

ri 



If ri < 0, then 



$(e*) = --Q Xl , *(qx) = -ne 7 ', $(C + (C, 7 )f?x) = -(<?+ (6, 7 ')^i)- 

Since $ preserves the orientation of the Mukai lattice ([6] or Proposition 3.4.3 for a K3 surface, and [12] for 
an abelian surface), if C belongs to the positive cone, then C also belongs to the positive cone. 

(2) Assume that (a) or (b) holds. Then C € NS(-Xi)q is ample if and only if C belongs to the positive cone. 
Since H is ample, (1) implies the claim. If (c) holds, then it is known that H is ample by the construction 
of the moduli space. □ 

1.5. A lemma on angles of stability functions. In this paper, we often compare the phases (j>(p^)(E) 
and <p{p,u)){F) of two objects E,F <E D(X). For that, it is convenient to use the next function, which was 
introduced in [9, § 1.3]. 

Definition 1.5.1. For E,E' G K{X), we set 

Sr. ,(E' E)-=det( BeZ ^ E ' ) RcZ (^ E A 

We also set E (M (v',v) := E (M (E',E) for v(E) = v,v(E') = v' . 

Then we have E^^E', E) > if and only if <t>(p, u )(E) - 4>(p^){E') > (see [9, Remark 1.3.5]). 

Next, let us prepare some notations for the phase of the stability function. For € M, P{4>) denotes the 
category of semi-stable objects E £ ~D(X) with <p^ >u -\(E) = <f>. 

By the Harder-Narasimhan property of the stability function Zrp tU -\, for any 7^ E <E D(A) we have a 
collection of triangles 



= Eq >■ E\ >■ E2 *■ ■ ■ ■ >■ E n _x >■ E n — E 




A n 

such that Ai £ P(4>i) with <j)\ > fa > • • • > 4> n - Let us denote (j4 max (£) := <p\ and 4>mm(E) := 4> n . 

Now we want to state the main Lemma 1.5.2 in this subsection. Let us recall the notations in the 
introduction: $ := anc ^ * := ^x^Kx- 

Lemma 1.5.2. We set <f> := cf>rp tU3 ). For a torsion free (twisted) sheaf E on X±, F := Q(E) satisfies the 
following properties. 

(1) Hom(E|xx{2;i}, F[k]) = for k 7^ 0,1 and Hom(E|x x {i 1 }, F) = except finitely many points 
xi G X x . 

(2) 4>( Wl ) - 1 < min (F) < max (F) < 4>( Wl ) + 1. 

(3) Assume that Z(p >ul )(F) G RZ^ u )(rai), i.e., H^^(F,wi) = 0. If F is not a crrp lU y semi- stable 
object o/St^ i^,), then there is an exact sequence of torsion free sheaves 

0^E 1 ^E^E 2 ^0 

such that 

4>{wi) + 1 > max ($(£i)) > <j> min ($(Ei)) > (j){ Wl ) 

and 

4>{Wl) > 0max($(-B 2 )) > 0min($(-B 2 )) > <t>{w X ) - 1. 

In particular, Ylrp tU }(w\, &(E\)) > and T,rp >UJ -\(&(E2),Wi) > 0. 
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Proof. (1) We note that 

Hom(E| Xx{a;i} ,F[fc]) = Hom($(E| Xx{a:i} ),$(F)[fc])=Honi(« :cl [-l],£;[A ; ]). 

Hence Hom(E|x X {xi}! F[fc]) — for k 7^ 0, 1. Since E is torsion free, we also have Hom(E|x x { a . 1 }, F) = 
except for finitely many points x\ £ X±. Thus (1) holds. 

(2) We first prove that (j> max (F) < 4>(w\) + 1. Assume that there is an exact triangle 

(1.6) Fx ->F^F 2 

with </> m i n (Fi) > + 1 and (/> max (F 2 ) < 0(iUi) + 1. 

Since 

HomCE^^FxIfc]) = Hom(F 1; E| Xx{Tl} [2 - fc]) v 
and 0(E| Xx{xi} [2 - k]) - <?Wn(Fi) < 1 - k, we have 

Bom(E\ Xx{a!l} ,F 1 [k]) = forfc>2, 

Hom(E|xx{xi}jFi[l]) = except for finitely many x\ £ X\. 

We also have Hom(E|xx{xi}j F 2 [A;]) = for k < — 1, since </> ma x(F 2 [fc]) — ^(E|xx{xi}) < 1 + fc < 0. Then 
taking Hom(E|xx{xi}j •) of (1.6) and using (1), we find that 

Hom(E| Xx{xi} ,F 1 [fc]) =0 for k < -1, 

Hom(E|xx{xi}i -Pi) = except for finitely many x\ £ X\. 

By Hom(E|xx{a;i}: Fl[&]) = for fc 7^ 0, 1 and all xi £ Xi, 3>(Fi) is represented by a complex V—\ — > Vo of 
locally free sheaves. Since Hom(E|x x {a;i}! Fl[&]) = 0, k = 0, 1 except for finitely many x\ £ Xi, <t>(Fi) = 0. 
Thus Fl = 0. 

We next prove that </> m in(F) > 4>( w i) — !• Assume that there is an exact triangle 

(1.7) Fx ->F^F 2 

such that </> m ax(F 2 ) < 0(tui) — 1 and m in(Fi) > 4>(w\) — 1. Then 

Hom(E| A - x{a!l} ,Fi[fc]) = Hom(F 1 ,E| Xx{;El} [2-fc]) v =0 

for fc > 3. We also have 

Hom(E| Xx{xi} ,F 2 [fc]) =0 for fc < 0, 

Hom(E|x x {i 1 }, F 2 [l]) = except for finitely many xi £ X±, 

Then by (1.7), Hom(E|xx-{>i}, F 2 [fc]) = for k 7^ 1, which implies that $(F 2 ) is locally free. On the other 
hand, Hom(E|xx{a;i}: F 2 [l]) = except for finitely many X\ £ X\, Therefore F 2 = 0. 

(3) We first prove that <^ m ax(F) > (j>(wi) and </> m in(F) < (j>(wi). If <^ m ax(F) < <j>(wi), then since 
Z{p,bj){F) € ^Z(p,u>){ w i)i we see that </>min(F) = </>max(F) = 0(wi). Thus F is a ov^^-semi-stable object 
of 2l(^ jU ), which is a contradiction. If m i n (F) > <p(wi), then we also get that </> m in(F) = </> m ax(F) = 0(u>i), 
which contradict our assumption on F. Therefore the claims hold. 

Then we have an exact triangle 

(1.8) F x ->F^F 2 ^Fi[l] 

such that 0min(Fi) > 0(wi) and ^ max (F 2 ) < 0(iui). By (2), we have max (Fi) < <j>(wi) + 1 and min (F 2 ) > 
(j){wi) - 1. Since ^ min (Fi) > 0(wi) and (f> max (F 2 ) < </>(wi), we have Hom(E| Xx{2 , l} ,Fi[fc]) = for fc > 2 and 
Hom(E|x x {xi}i F 2 [fc]) = for k < 0. Moreover Hom(E|x x {x 1 }, F 2 ) = except finitely many x\ £ X\. We 

set Ei := i^^j^ (Fj). Then Ei are torsion free sheaves fitting in an exact sequence 

-> Fi -> F ->• F 2 ->• 0. 

Since 3>(Fi) = Fj, i = 1, 2, we get the claim. □ 



2. Relation with ^-semi-stability. 

In this section, we fix the pair (/3,uj) and set <fi := 4>rp u y We shall study the relation of Bridgeland 
stability with /i-semi-stability. The main statement is given in Theorem 2.2.1. We shall freely use the 

notations $ := 3>x-ixi ana ^ * : = ®XiKx- 
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2.1. A polarization of X\. In this subsection, wc introduce a Q-divisor L on X\ and show that it is ample 
under suitable assumptions. 

Lemma 2.1.1. For a a \p u )- semi- stable object F of%rp u } with <j)(F) = <j){w\), we have an exact sequence 
in 2l(/3,a;) 

(2.1) 0->Fi->F->F 2 ->0 

such that F\ is a ^-semi-stable object of3ltp !U1 ) satisfying <t>(Fi) = <p(wi) and Hom(Fi, E|xx{xi}) — 
for all x\ € X\, and Fi is S-equivalent to (BiE\xx{xi} > x i G X\- Since Horn (.Fi, .Fa) = 0, (2.1) is uniquely 
determined by F . 

Proof. For a non-zero morphism ip : F — > Eijfx{a;i}) 4>{F) = 0(E|xx{>i}) implies that ip is surjective and 
keryj is a u^^-semi-stable object of 2l(/3 jW ) with 0(ker<^) = <j)(wi). Apply this procedure successively, we 
finally obtain a subobject F\ of F such that 4>{F\) = 4>{w\) and Hom(Fi, Ei^x/^}) = for all x\ £ Xl. 
Then F 2 := F/Fi is S-equivalent to ®,E| Xx { Xi }, nij £ X\. □ 

Wc set 7 - (3 := XH + v, (v, H) = 0. Then we see that 
(ap(v)dp(wi) - ap{wi)dp(v))(H 2 ) 

(2.2) =ria» deg( 7 - /?) + ri (d 7 (v)H + D», 7 - /?) deg( 7 - 0) - M»(ff 2 ) ((7 } 
=na»A(i/ 2 ) + ri A 2 -^-d» + n(£>», ^)A(tf 2 ) - ri d»(ff 2 )^ 

and 



(2.3) rp(v)dp(wi) - rp(wi)dp(v) = r y (v)dy(wi) - r 1 (w 1 )d 1 {v) = -r^(wi)dy(v). 

Then 



(2.4) 



^ —(rp{v)dp{wi) - rp{wi)dp(v))^-^- - (ap(v)dp(wi) - ap(wi)dp(v)) 



(H,uj) 



-j (( W 2 ) + A 2 (F 2 ) - (v 2 )) a» nAtftjW + (!?>)>"))■ 



Definition 2.1.2. For 7 - /3 := Ai? + z/, v G if , we set 

By (2.4), we get the following lemma. 
Lemma 2.1.3. 

(2.5) = _ ? , i(ci(u) _ (rkt ,) 7>i ) _ riA a 7 ( V ). 



Let us study the properties of L. We note that 

1 

: 4(H 2 



( l2 ) =77^ f((- 2 ) + A2 (^ 2 ) - (^)) 2 + 4A 2 (i/ 2 )(. 2 ) 



(2.6) 

>^(A 2 (^ 2 ) + (- 2 )) 2 >0. 
Since (L, iJ) > 0, L belongs to the positive cone. 

Lemma 2.1.4. Assume that one of the following conditions holds: 

(1) X is an abelian surface. 
(ii) NSpf) = ZH. 

(hi) v = 0. 

XTien L is an ample Q-divisor. 

Proof. Since L belongs to the positive cone, L is an ample divisor, if X is an abelian surface or NS(AT) = ZH. 
If v = 0, then L <S QyoH. Thus L is also an ample divisor. □ 

Remark 2.1.5. (1) Assume that X is an abelian surface. Then since (L 2 ) = (L 2 ) > and (L,H) = 
(L, H) > 0, L is ample. 

(2) Assume that A" is a K3 surface and one of the conditions (b), (c) of Lemma 1.4.2 (2) holds. If 
v = 0, then L £ Q>oH is also ample. 
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Lemma 2.1.6. For E £ K(X 1 ), Z (/3iU ,) ($(£)) £ K^ :U) (wi) i/ and only if 
(2.7) (ci(S)-rkS 7 ',L) = j^rkE. 

Proof. We set F := $(£'). By Lemma 1.4.2, we have 

ciCFpy)) = uW^X-Y)) = A c i(^(-7'))- 



By using Lemma 2.1.3, we see that 



= -r 1 (c 1 (F(- 7 )),L)-r 1 Aa 7 (F) 



-v-v- v <>»"> "i * 

(2 ' 8) =-ri(ci(Fpy)),i) + Ark£ 

= -\ ri \( Cl (E(- 7 ')),L) + \ikE. 

Therefore (2.7) holds. □ 

We also have the following as a consequence of (2.8). 
Lemma 2.1.7. For w £ H* (X, Z) a i g imi/i rk $(w) = -na 7 (iy) > 0, 

S(/3, tl ;)(W,'Wl) > < | 

1 ; (<) rk$(w) (» |n| 

2.2. /i-semi-stability and am ^-semi-stability. From now on, we assume that L is ample. 

Theorem 2.2.1. Assume that L is ample. Let F be an object ofD(X) such that Zifj jU1 )(F) £ M.Zm . w )(u>i). 

(1) F is a o~rp tUI \ -semi-stable object ofQLrp tUI -\ if and only if <f>(F) fits in an exact triangle 

E x -> -> S 2 [-l] -> £a[l], 

where E\ is a fj.- semi- stable torsion free sheaf on X\ and Ei is a 0-dimensional sheaf on X\. 

(2) Assume that F is a a semi- stable object off2Lrp u \. 

(a) <&(E) is a torsion free sheaf on X\ if and only ifHom(F, Eixxlxi}) = f or a ^ x i G -^l- 

(b) $(F) V is a torsion free sheaf on X\ if and only if Hom(E|x x { J ; 1 }, F) = for all X\ £ X\. 

Remark 2.2.2. We take ft £ NS(Xi)q with (/?' - 7 ',L) = A and u/ £ M> £ with (L 2 ) > 2. Let F be 
an object of T)(X) in Theorem 2.2.1. Then Theorem 2.2.1 implies that F is a <T( | g )W )-semi-stable object of 
if and only if $(F)[1] is a cr^'.^) -semi-stable object of 2t(0' l( y) with 0( ( g/ jW /)($(F)[l]) = 1. In §5.1, 
we give a more precise relation with Bridgcland stability on X\ . 

Corollary 2.2.3. Assume that w\ does not define a wall for v. 

(1) Every (Trp u )- semi-stable object F with v(F) = v satisfies 

Hom(E| Xx{a;i} ,F) = Hom(F,E| X><{a;i} ) = 

for all x±. Hence <f>(F) is a locally free [i- semi- stable sheaf. 

(2) Moreover i/(/3, cj) does not belong any wall for v, then <&(F) is S-twisted semi-stable for all S. 

Proof. (2) Let £ be a /x-semi-stable sheaf with v(E) = $(u). For an exact sequence 

0->E 1 ->E->E 2 ->0 

such that Ei are torsion free sheaves with the same slope, if v(Ei) g" Qv(E), then $(Ei) defines a wall for v. 
Hence u(-Ej) £ Qv(E). Then E is <5-twisted semi-stable for any 8. □ 

We divide the proof of Theorem 2.2.1 into the proofs of Proposition 2.2.4 and Proposition 2.2.5 below. 
Proposition 2.2.4. Assume that L is ample. Let E be a torsion free sheaf on X\ with 

(ct(E) -rk£y,Z) A 



(2.9) 



rkE In I 



If E is (i- semi- stable with respect to L, then F := $(£') £ 21(/3,oj) an d F is a '(g,u)~ semi- stable with <fi(F) 
<f>{wi). 



Proof. Let E be a torsion free sheaf on X\ with (2.9) such that E is /i-semi-stable with respect to L. By 
Lemma 2.1.6, 

(2.10) Z (M ($(E))€MZ (0tU) ( Wl ). 

Assume that F := $(E) is not c^^-semi-stable. By Lemma 1.5.2 (3), we have an exact sequence of torsion 
free sheaves 

(2.11) 0^E 1 ^E^E 2 ^0 

such that S ((3;tJ )(wi,Fi) > and ^^ tU - j (F 2 ,w 1 ) > 0, where F 1 = $(i?i) and F 2 = <&(E 2 ). 
Applying Lemma 2.1.7 to w — v(F 2 ) and w = v(F), we get 

(2 U ) ( Cl (E 2 (-Y)),L) A = { Cl {E{-j)),L) 

1 ' ' rkE 2 \n\ rkE 

which implies that E is not /i-semi-stable with respect to L. Therefore F is a o^.^) -semi-stable object of 
Then by (2.10), 0(F) = <j>{ Wl ). □ 

Proposition 2.2.5. Let F be an object o/2l(^ w ) such that 4>(F) = 4>{w\) and F is er^ ^-semi-stable. Then 
§{F) fits in an exact triangle 

E 1 ^^{F)^E 2 [-l]^E l {l], 
where E\ is a fi- semi- stable torsion free sheaf on X\ and E 2 is a 0-dimensional sheaf on X\. Moreover E\ 
is Q(F) is a fi-stable sheaf, if F is a a Xp } ui)- stable object. 

Proof. By Lemma 2.1.1, we have an exact sequence 

(2.13) 0^F 1 ^F^F 2 ^0 

in 2t(/3 jtl j), where F\ is a cr(^ w )-semi-stablc object ofSl^^) such that 4>(Fi) = </>(wi) and Hom^i 7 !, E|xx{>i}) = 

E v [11 

for all x\ € X\, and F 2 is 5-equivalent to (Bi^\xx{xi}i x i G Xi- Applying $> x _ ¥Xi , we have an exact triangle 

E v [21 

Obviously ^ := ^x->Xi (-^2) is a 0-dimensional sheaf on X\. 

E v [11 

We shall prove that E 1 := ®x-CxA F i) 

is a /i-semi-stable sheaf on X\. Since Hom(iq, E|xx{xi}) = for 
all xi E Xi, Ei is a torsion free sheaf on X%. Assume that E\ is not /i-scmi-stable with respect to L. Then 
we have an exact sequence 

(2.14) -> -> Ei -> -> 

such that and -Ef are torsion free sheaves. Then we have an exact triangle 

By Lemma 1.5.2, we get 

^ <K«l) - 1 < ^min($(F;)) < max ($K)) < <P{wi) + 1 

0( Wl ) - 1 < <t> mirL {%{E'()) < cf> max ($(E?)) < 4>{Wl) + 1. 

In particular, using ? H p in Definition 1.2.6, f3 H p {%{E[)) = ^H P (%(E'{)) = except for p = -1,0, 1. Since 
$(£i) = Fi e we have ^iT -1 = ^F x ($(^')) = and an exact sequence 

o PH-ifim)) -> ^jj o ($(e0) F x -> ^(Sc^)) -> o 

in 2l(^ iW ). Then <))(& H~ l {${E'{))) < <j)(w\). By the a^^-semi-stability of Fi, 0(im-0) < 4>{wi). Hence 

<^F°($K))) < <j>(wi). 

Since > (^F 1 ^^))!- 1 ]) > 4>(wi) - 1, we have 

4>(wi)-l<(t>($(E'i))<(t>(wi). 

Assume that <j>(${E'i)) < <fi(wi). By Lemma 2.1.7, we have 

(ci{E'i)X) (ci(Ei),L) 
rkE[ tkEi 

If </>($(#i)) = 4>{wi), then we have /3 J ff- 1 ($(^')) = H 1 {^{E[)) = 0. In this case, we have 

(ci(E{),L) (ci(Ei),L) 



(2.16) 



vkE[ rkEi 



Hence Ei is ^-semi-stable with respect to L. Moreover if F is ov^^-stable, then &(F) is a /z-stable torsion 
free sheaf on Xi. □ 



3. Relation with Gieseker semi-stability. 

We shall study the relation of Bridgcland stability with Gieseker semi-stability by refining the arguments 
in the last subsection. After we prepare some calculations on the properly semi-stable objects in §3.1, we 
introduce the adjacent chambers C± to a wall for stabilities in §3.2. The wall crossing behavior for these 
chambers is studied in §3.2 and §3.3, and the main theorem (Theorem 3.3.3) will be obtained. In the final 
§ 3.4, we study the assumption in Theorem 3.3.3 for K3 surfaces. 

3.1. Properly semi-stable objects. 

Lemma 3.1.1. Let v G H*{X, Z) a i g be a Mukai vector with dp(v) > 0. Assume that u) belongs to exactly 
one wall W Wl for v. For a subobject Fi of F with v(F) = v and (/'(/^^(-Fi) = 4>(p,u>)(F), 

cxW—t)) _ d(F(- 7 )) 



Proof. We set 



(3.1) 



a 7 (Fi) a 7 (F) 

v =v(F) = r 7 (v)e 7 + a 1 {v)g x + (£ + (£,i)Qx), 

=e 7 (r 7 (u) + a 7 (v)g x + 
Vi =v(Fi) = r 7 («i)e 7 + a 1 {v 1 )g x + (6 + (€i,l)Qx) 
=e 7 (r 7 (wi) + a 1 {vi)g x + 



Since dp(v\)v — dp{v)v\ and dp{w\)v — dp{v)w\ define the same wall, they are linearly dependent. 
We note that 

dp{vi)v - df3{v)v! 

(3.2) 

=e 7 [(d (3 (wi)r 7 (u) - d (3 (w)r 7 (wi)) + (dp(vi)a 7 (v) - d l3 (v)a 1 (v 1 ))g x + (d^(wi)^ - dp(v)€i)] 

and 

(3.3) dp{wi)v - dp{v)wi = e~ 1 [(d f} (w 1 )r 1 (v) - dp{v)r\) + d j3 {wi)a 1 (v)g x + dp(wi)£\. 

Since dp(wi) > and a 7 (u) ^ 0, we have 

=dp(w 1 )a- / (v)(dp(v 1 )£ - dp(v)£i) - (dp(vi)a y {v) - d0(v)a 7 (vi))dp(wi)£, 
=d / 3(w 1 )dp(v)(a 7 (v 1 )£ - a 7 (u)^i). 

Hence the claim holds. □ 



Corollary 3.1.2. For the subobject F\ of F in Lemma 3.1.1, we have 

-ria 7 (F) 



(3.5) r 7 (Fi)d 7 (F) - r 1 {F)d 1 {Fi) = I rkFi - rkF ) d 7 (F). 



Proof. By Lemma 3.1.1, 

1 

a 7 (t;) 



viFj) = rkFxe 7 + a 7 (Fi ) g x + —^(d^v)H + £>» + {d y (v)H + D 1 {v), 1 )g x ) 



□ 



3.2. Gieseker semi-stability and semi-stable objects in a chamber. From now on, we assume that 
(/3, u>) belongs to exactly one wall W Wl for v. Then there are two chambers C± which are adjacent to W Wl 
in a neighborhood of (/3,w): 

C+ :={(^,o;0IV,«')( w ) - V>«')M > °}> 
C_ :={(/3V)|0 (/3>o (v) ~ < 0}- 

We shall study the Bridgcland semi-stability for C±. This subsection is devoted to the study for C + . The 
case C- is treated in the next subsection. 

Lemma 3.2.1. For a 7 ' -twisted stable sheaf E of v(E) — $(u) with respect to L, we set F := &(E). 
Assume that d 1 {F) 7^ 0. We take uj + such that (/3,u> + ) 6 C +7 that is, 4>m, u+ ) (w\) < 4>(f3 :U]+ )(F). Then F is 
a a (p >UJ+ )- semi- stable object of^lm )U) ). 

in 



Proof. We set <j> + := 4>/p >u:+ ) an d 4 1 '■— 0(/3.^)- Let F\ be a subobject of F with 4>(F{) = </>(F). Then Fi and 
F2 := F/Fi are cr^^^-semi-stable objects of 2t(^ >a) ) with the phase 4>{F). Assume that Fi is a <j(^ jaJ+ )-semi- 
stable object with </>+(Fi) > 4>+(F). Since <j>+(Fi) > <f> + (wi), Rom(Fi,E^ X x{x 1 }) = ror au x i e x i- Then 
Theorem 2.2.1 implies that E{ := $(Fj) (i = 1,2) are //-semi-stable torsion free sheaves on X\ fitting in an 
exact sequence 

(3.7) -> Ex -> E -> F 2 -> 0. 

Since <j)+{F) > cj) + (wi) and 0(F) = <^(u;i), £/g ia , )(iUi,F) > = S( /3jU )(wi, F) implies that 

- n d 7 (F)(^) =(r /J (F)d/ J («;i) - r p ( Wl )d {F))^l) 

(3.8) <2(a /3 (F)d /3 («;i) - ap(wi)dp(F)) 

={rp(F)dp(wi) - r^( Wl )^(F))( W 2 ) = -nd 7 (F)(w 2 ). 

Now we divide the argument into two cases. 

(i) Assume that ndLy(F) > 0. We have (w 2 ) > (w 2 ). Then </>+(Fl) > </>+(F) implies that 



(3.9) 



(3.10) 



(r / ,(F 1 )^(F)-r /3 (F)d /j (F 1 ))( W 2 ) 
<2(a^(F 1 )d (3 (F) - a (3 (F)d /3 (F 1 )). 

Hence 

r 7 (F x )d 7 (F) - r 7 (F)d 7 (Fi) = r (9 (F 1 )^(F) - r (3 (F)d (3 (F 1 ) < 0. 
Since — nx(Fi(— 7')) = rkFi and — rix(F(— 7')) = rkF, we get 

> r 7 (F)d 7 (F) - r 7 (F)d 7 (F 1 ) = (rkF - rkF ^ 1 "^^ ) d 7 (F) 

=-ri (x(^i(-y))-x(s(-y))§§) 



by Corollary 3.1.2. Hence 



x(F 1 (- 7 ')) > x(^(-7')) 



rkFi rkF ' 

which is a contradiction, 
(ii) Assume that nd 7 (F) < 0. Then 

< r 7 (F x )d 7 (F) - r 7 (F)d 7 (F x ) = frkF x - rkF ^ 7 ^ ) d 7 (F) 
(3.11) V -na 7 (F)7 

= - ri fx(Fi(-7)) - X^C-V))^ ) d 7 (F). 



rkF 



Hence 



x(Fi(-V)) x(F(- 7 ')) 



rkFi rkF ' 

which is a contradiction. 

Therefore 4>+{Fi) < ( / ) +(^)- Thus F is ov^ w+ ) -semi-stable. □ 

In order to treat the case where d 7 (v) = 0, we need to choose (f3',uj) e C + . We set 7-/3' := AF + 2/, 
(v,H) = 0. We need the following claim. 

Lemma 3.2.2. If d 1 (F) = d 7 (Fi) = 0, then 

a p ,(F)d p/ (F 1 )-a pl (F 1 )d fs ,(F) 
( ' } =X((a 1 (F) + (D J (F),u'))ikF 1 -{a J (F 1 ) + {D J (F 1 ),u , ))ikF). 

Proof. It is a consequence of Lemma 1.3.1. □ 

We take /3' such that (D 7 (F),v') > (D~,(F),v). Since d 7 (F) = d 1 (wi) = and <f>(fl )U )(F) = 4>{p,u){ w \)) 
we have <t>{pi, u ) (F) > <t>{p> ,u){wi)- 

Lemma 3.2.3. For a ^'-twisted stable sheaf E of v(E) = $(w) with respect to L, we set F := $(F). 
Assume that rf 7 (F) = and take (3' such that (/3',uj) G C+, that is, 0(^' jU )(F) > <j>(/3' tU1 )(wi). Then F is a 
a vg/ semi- stable object of%ipt^)- 
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Proof. Since (j)(p>^){F) > 4>(p> , u ){w{), 

(3-13) = (r^(F)d^( Wl ) - r p ,( Wl )dp,(F))^ < r x A(a 7 (F) + (£> 7 (F), i/))- 

Let Fx be a ov^/^-serni-stable subobjcct of F with (j>(p, u )(Fx) = 4>(p,u)){F). Assume that 0(/3' iU )(Fi) > 
4>(p' ,u)){F). Then we have the same exact sequence in (3.7). By Lemma 3.2.2, 

(3.14) A ((a 7 (F) + (£) 7 (F), v')) rkFi - (a 7 (Fx) + (D 7 (Fi), v')) rkF) < 0. 

By our choice of (/3,w), Lemma 3.1.1 implies that D 1 {F\) = a 1 (Fi)D 1 (F)/a 1 (F). Hence 

Aa 7 (F x ) (a 7 (F) + (£> 7 (F), v')) ( - ^) < 0. 



a 7 (f\) a 7 (F) 



Since ria 7 (Fi) < and riA > 0, we have 



rj X {Ei{-i)) _ rkJ\ rkF _ r^(^("Y)) 
rkFj a 7 (Fj) a 7 (F) rkF 

which is a contradiction. Therefore F is <7(^/ jtlJ )-semi-stable. □ 

The converse relation also holds: 

Lemma 3.2.4. We take (f3',ui') G C+. Let F be a a u ty semi- stable object with v(F) = v. Then $(F) is 
a 7' -twisted semi-stable sheaf on X\. 

Proof. As in Lemma 3.2.1 and Lemma 3.2.3, we may assume that 

(3.15) (M^rf 

By Theorem 2.2.1, F is a /i-semi-stable sheaf on X\. If F is not 7'-twisted semi-stable, then there is an 
exact sequence 

(3.16) 0->Fi F 2 ->0 
with 

, ql7 s _ (ci(F),L) 

ld rkFx ~ rkF ' 

Applying Theorem 2.2.1 to E\ and F2, we have an exact sequence 

0^Fi^F^F 2 ^0 

where Fi := $(Fi) arc er^^-semi-stable objects of 2l(^. w ) with <^>(Fj) = <j){w\). Since ^(^/^(^(F^)) > 
(fitp'yUi') (E) > ^W', 0^1 )> m the same way as in the proof of Lemma 3.2.1 and Lemma 3.2.3, we see that 

x(£ 2 (-Y)) > x{E{-j)) 

rkF 2 ~ rkF 

Therefore F is 7'-twisted semi-stable. □ 

3.3. Gieseker semi-stability and semi-stable objects in C_. Let us study the relation with (— 7')- 
twisted semi-stability. 

Lemma 3.3.1. For a (-j')-twisted semi-stable sheaf E of v(E) = <I>(i;) v with respect to L, we set F := 
$(F V ). 

(1) Assume that e£ 7 (F) ^ 0. We take w_ such that (/3,U-) £ C_, that is, 4>(p^-){ w i) > 4>(P,uj^)(E). 
Then F is a a^p^y semi-stable object 0/ St^^j . 

(2) Assume that (i 7 (F) ~ 0. We take f3' such that (/3',u;) E C_, that is, 4>(f}\u){ w i) > 4>(P',uj){F). Then 
F is a a (pr semi-stable object o/2l(^/ u ). 

Proof. (1) We set :— (f)(p^_) and <fi := 4>(p^). We note that F v fits in an exact triangle 

Uom 0x (E,O x )^E v -> (F, X ) [-1] te 0if (F, Ox) [1] , 

where T-Lomo x (F, 0^) is a /z-semi-stable torsion free sheaf with (2.9) and £xt@ x (F, Ox) is a 0-dimensional 
sheaf. Applying Theorem 2.2.1, we get F is a c^^-semi-stable object of 21(0, w ) with </>(F) = 4>{w\). 
Assume that there is an exact sequence 

0^Fi^F^F 2 ^0 

such that F2 is a semi-stable object with respect to (/3,w_) such that </>_(Fi) > </>_(F) > </>_(F 2 ) and 
= 0(F 2 ) = 0( Wl ). Then Hom(F 2 , E| Xx{ll} [fc]) = for k > 2. Since Hom(F 2 , E, Xx{:cl} [k]) = for 
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k < and Hom(F2,E\xx{x 1 }) — except finitely many point x\ £ Xi, we find that E\ := $(Fi) v and 
E 2 := &(F 2 ) V are torsion free sheaves and there exists an exact sequence 

-> E 2 -> F -> Ei ->• 0. 

Since (p-(F 2 ) < <j>-{F) < <l>-(wi), we have 

-rid 7 (F)(w 2 ) =( r ^(F)^(u; 1 ) - r^i^F))^ 2 ) 

(3.18) >2(a /3 ( J F 1 )d (3 («; 1 ) - ^(ly^c^F)) 

=(r (3 ( J F 1 )d (3 ( Wl ) - r^( Wl )^(F))(tJ 2 ) = -r^F)^ 2 ). 

We divide the rest argument into two cases. 

(i) If nd 7 (F) > 0, then we have (w 2 ) < (w 2 ). Then 

f3 lg) (r p (F 2 )d p (F) - rp(F)dp(F 2 ))(uJ 2 _) 

>2(a p (F 2 )dp(F) - ap(F)dp(F 2 )) 

implies 

r 7 (F 2 )d 7 (F) - r 7 (F)d 7 (F 2 ) = r p {F 2 )dp(F) - rp(F)d p (F 2 ) < 0. 
By Lemma 1.4.2, x(F v (~7')) = -r 7 (F)/n and x($(F 2 )(-7')) = -r 7 (F 2 )/n. Hence 
0>r 7 ( J F 2 )d 7 (F)-r 7 ( J F)d 7 ( J F 2 ) 

(3.20) ^-"^W)^ 

= - r,i,(f) (x(E,h'» - X (E(7)) ~ r ,'!'m ) 

Hence 

x(f 2 ( 7 ')) = xO^X-Y)) xjii^KzY)) = x(F(Y)) 

rkF 2 rk$(F 2 ) rk$(F) rkF ' 

which is a contradiction. 

(ii) If ndy(F) < 0, then we have {u?_ ) > (uj 2 ). Then 

, 21) (MF 2 )d (F) - rp{F)dp{F 2 )){u?_) 

>2(ap(F 2 )dp(F) - ap(F)dp(F 2 )) 

implies 

r 1 {F 2 )d 1 (F) - r 7 (F)d 7 (F 2 ) = rp(F 2 )dp(F) - r p {F)d p {F 2 ) > 0. 
By Lemma 1.4.2, we have 

0<r 7 (F 2 )d 7 (F)-r 7 (F)d 7 (F 2 ) 

(3,2) ={^-^^M)^ 

= -M 7 (f) ( x (MY))-x(m)~ 



-na-y(F) 
Hence 

xOW)) _ xiHm-i')) x{®{F)(-i)) _ \{E{i)) 

xkE 2 rk$(F 2 ) rk$(F) xkE ' 

which is a contradiction. 

Therefore F is a <T( i g iW _)-semi-stable object of %L(p lU _). 
(2) Assume that d 7 (F) = 0. For (/3',u)) £ C_, we have 

= (r p ,{F)dp,( Wl ) - r ,( Wl )d p ,(F))^p- > nA(a 7 (F) + (D 7 (F), 1/)) 

Since 0(0/ )W )(F 2 ) < <t>{p> ,u){F), we have 

A ((a 7 (F) + (D 1 {F),v 1 )) rkF 2 - (a 7 (F 2 ) + (£> 7 (F 2 ), ✓)) rkF) > 0. 
By the choice of {/3',oj), D 7 (F 2 ) = a 1 (F 2 )D 1 (F)/a 1 (F). Hence 



Xa 7 (F 2 )(a,(F) + (D 7 (F),v>)) ( - > 0. 



Therefore 

rkF 2 rkF 



a 7 (F 2 ) a 7 (F) 



□ 
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The converse relation also holds: 

Lemma 3.3.2. We take (/3',lj') G C_. Let F be a arp> iUJ >)- semi-stable object of^l^^ with v(F) = v. Then 
"I>(F) V is a (—7') -twisted semi-stable sheaf on X\. 

Proof. We may take the same (/3',u/) in Lemma 3.3.1. By Theorem 2.2.1, F := <I>(F) V is a /i-semi-stable 
torsion free sheaf on X\. Assume that E is not (— 7')-twisted semi-stable. Then there is an exact sequence 

(3.23) 0^E 1 ^E^E 2 ^0 

such that Ei , i = 1 , 2 are torsion free sheaves with 

(ci(^i),L) _ (ci(g),£) 
{6 > rkF, - rkF ■ 

Applying Theorem 2.2.1 to F 4 V , we have an exact sequence 

(3.25) -> F 2 -> F -> Fx -> 0, 

where F; := $(F/) are (7(^ jaJ )-semi-stable objects of 2l(/3,a;) with 0( / 3 >w )(F i ) = $( ( g. LJ )(wi). By using the 
computations in the proof of Lemma 3.3.1, it is easy to see that F is er^/^-semi-stable if and only if F is 
(— 7')-twisted semi-stable. □ 

Summarizing our argument, we have 

Theorem 3.3.3. Let X be an abelian surface, or a KZ surface with NS(A) = ZF. Assume that there is a 
smooth projective surface X\ which is the moduli space Mrp iU \(wi). Let v be a Mukai vector with dp(v) > 0. 
Assume that (/3, ui) satisfies 

(3.26) (dp{v) Wl - d p {wi)v, e p+V=Xul ) = 0. 

If (/?, w) does not belong to any wall for v, or w\ defines a wall W Wl for v and (/3, to) belongs to exactly one 
wall W Wl , then M(p> lU >)(v) = Mi{u) ss , where u = $(«) for (/3',u/) G C+ and it = $(v) v /or (/3',a/) G C_. 
in particular, there is a coarse moduli scheme Mrpi !U :')( V ) an d i v ) — M^(u). 

Remark 3.3.4. Let E be an a-twisted sheaf on X\ such that v(E) = w is a primitive Mukai vector. Assume 
that F is a family of (— a)-twisted sheaves consisting of (— 7')-twisted stable sheaves of Mukai vector rie~ 7 
with respect to L. Then for a sufficiently large n, E is a stable a-twisted sheaf on Ai if and only if 
^Xi ->jf (E( n -L)) is a stable sheaf on A. In particular, A4- (w) s;i is isomorphic to A42(m) ss , where u := 
v (&x -yx(E( n L)))- Moreover A4£(u) ss consists of /i-stable sheaves. Then the second cohomology group of 
Af(/3' is described by u and the albanese map Mrp> u i\(v) — >• A x X. 

3.4. The projectivity of M(^)(u>i) for a A'3 surface. Fix a primitive isotropic Mukai vector w\ := rie 7 
with dp(wi) > 0. In this subsection, let us study the assumption on M^^(wi) in Theorem 3.3.3. 

Lemma 3.4.1. Let X be a A3 surface with Pic(A) = ZF. 

(1) There is at most one Mukai vector v such that (v 2 ) = —2 and 4>(p.u,)(v) = 4>rp !U ,\(wi). 

(2) There is a unique primitive isotropic Mukai vector v such that 4>rp, u )(v) = 4>(p,u>)( w i) an d ( v t w i) 7^ 
0. 

Proof. We set uo := w\. We take a primitive Mukai vector u\ G F*(A, Z) a i g such that 

(3.27) ufr n H* (X, Z)aig = Zuo © Ziti C Qe 7 Q(F + (F, y)g x ). 
We next take u 2 G F*(A, Z) a i g such that 

(3.28) - (ua.wi) = min{-(u,wi) > 0|u G F*(A,Z) alg }. 
Since H*(X, Z) a i g is generated by itg- H H*(X, Z) a i g and u 2 , 

F*(X, Z)ai g = Zu © Zui © Zu 2 . 

(1) If i) = Yli=o x i u ii x i G 2 is a (— 2)-vector, then we get 

-2 = ((xiiii + x 2 u 2 ) 2 ) + 2(xiUi + x 2 u 2 ,x u ), 

which implies that gcd(:ci, a; 2 ) = 1. On the other hand, if 4'(p,u>)( v ) = <fi(p.u)( u o)> then Lemma 2.1.3 implies 
that — ri(ci(v(— "f)),L) + X(v,uo) — 0. Hence 

Xx 2 (u 2l u ) = ri(x 1 (c 1 (u 1 (-'y)),L) +x 2 (c 1 (u 2 (-j)),L)), 

which implies that x\jx 2 is determined. Thus v is unique up to sign. Since dp(v) > 0, v is unique. 

The proof of (2) is similar. □ 



Proposition 3.4.2. Let X be a K3 surface with Pic(X) = 1H . For 7 S QH, let w\ :— rie 7 be the 
primitive isotropic Mukai vector with dp{w\) > 0. Let v be the unique primitive isotropic Mukai vector such 
that <p(p, u )(v) = <p(p, u )(wi) and (v,wi) ^ 0. 

(1) Assume that M.(p ul ){ w i) contains a properly a {b,uY semi- stable object. 

(i) There is a a '(p,ui)' stable object Ex such that (v(Ex) 2 ) = —2 and <j)^^(v(Ei)) = 4>(p^){w\). 

(ii) (wi, v(Ei)) < and v — wx + (wx, v(Ex))v(Ex) ■ 

(iii) M(p tbJ )(v) consists of stable objects. 

(2) If there is no (~2)-vector with the phase (f>(p t u) { w i)> then M-(p,u))(w\) and Mrp,u){ v ) consist of 
stable objects. 

Proof. (1) If ((3,uj) belongs to a wall, then we take an object E of M.m, u ){wi) such that E is not arp u iy 
semi-stable, where u>' is sufficiently close to oj. We take the Harder-Narasimhan filtration of E with respect 
to (/W): 

C Fi C F 2 C ■■ ■ C F s = E. 

Then (f>rp iU \(Fi/Fi-i) = <j)rp u -\(E) and (f(F/F_i) 2 ) < 0. By Lemma 3.4.1, there are primitive Mukai 
vectors Ui,«2 € H*(X, Z) a i g such that 

<l>(p,u)(vi) = </>(p, u )(wi), (vj) = 0, (v%) = -2. 

Since v(Fi/Fi_i) € Zvx or v(F i /F i ^ 1 ) e Zu 2 , wc have 

s = 2, {u(Fi),u(F 2 /Fi)} = {niUi,n 2 U2}, ni,n 2 >0. 

Then = {{nxVx + ri2V2) 2 ) = 2n 2 (ni(i>i, u 2 ) — n 2 ). Hence n 2 = u 2 ). Since ui\ = v(E) = nivi + ?i2t>2 

is primitive, ri\ = 1 and wi = «i + (wi,«2)w 2 . Since ?i2 = Jii(i>i, i> 2 ), = — (v2,vi) < 0. Let Fi be 

the cr^^-stable object with v(E\) — u 2 . Then (i) holds. Since v = v±, (ii) holds. Since (v,v(Ei)) > 0, the 
assumption of (1) does not hold for M.rp iU \(v). Thus (iii) holds. 

By the proof of (1), (2) also follows. □ 

The following is a special case of [5, Thm. 6.12], if the moduli space is fine. 

Proposition 3.4.3. Let X be a K3 surface with Pic(X) — 7LH . Let v be a primitive isotropic Mukai vector 
with dp(v) > 0. If {P,lo) does not belong to any wall for v, then there is a coarse moduli space M(p tU -)(v) 
which is a K3 surface. Moreover there is a Fourier-Mukai transform \I/ : D(X) — > ~D(X) inducing an 
isomorphism M.tp tU -\(v) — > Mh(^(v)) ss . 

Proof. By [9, Prop. 1.6.10], we may assume that 2l(,a jW ) = Stf^.tfl"), t > 1. If (cj 2 ) ^> 0, then the claim 
is obvious by [9, Cor. 2.2.9]. Hence it is sufficient to show that the claims are preserved under the wall- 
crossing. Assume that (f3,u>) belongs to a wall W and the claim holds for ((3,u> + ) with > (w 2 ). In 
a neighborhood of w, we take w_ with (w 2 ) < (w 2 ). By Proposition 3.4.2 (1) (i), there is a ov^j-stable 
object Ei with 4>{p tU0 ){Ei) = <t>(p,u){v) and (v(Ei) 2 ) = -2. Wc note that Ex satisfies Hom(Fi,Fi) = t and 
Kom(Ex,Ex\p\) = 6 (p ^ 0,2). Then wc have an autocquivalcncc $ Bl : D(X) T>(X) ([9, sect. 1]). For 
E G M(p tU+ )(v), by Proposition 3.4.2 (1) (ii), wc have (v,v(E{)) < 0. 

We first assume that (f>(p M+ ) (Fx) < 4>(p >u:+ ) (y). Then Hom(F, E\) =0. By the proof of Proposition 3.4.2, 
we have an exact sequence 

-> Ef n -> F -> F — > 

where n = — (v, v(Ei)) and F is a crrp^) -stable object with isotropic Mukai vector. Then we see that 
Ext 1 (£'i, E) = and ^^(F) — F. Applying <&E t again, we have an exact sequence 

0^F-> ®eA f ) -> V,x-t 1 {Ei,F)®Ei -> 0. 

Then wc see that E' := ^e 1 (F) is a cr^ iUI \- semi-stable object. Conversely for a er^^^-semi-stable object 
E', we have an exact sequence 

-> F -> £' -> Ff " -> 

where n = — (u, and F is a cr(^ jtlJ )-stable object. Then we see that n = —(v,v(Ei)) and $ E *(E') = F. 

Moreover <fr E ^(F) e M-(p,uj + ) (v). Therefore wc have a sequence of isomorphisms 

M w ^ +) (v) *4 J M w ^(u) *4' M(i3 tU _)(v), 

where u = v + (v, v(Ei))v(Ei). If 4>(p lU j + )(Ex) > <t>(p,u> + ){v), then by a similar argument, we have a sequence 
of isomorphisms 

M09,u> + )(«) ~> ■M(^, a , ) (u) M(fi tU _)(v). 
Therefore the claims hold for (f3,u>-). □ 
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4. Applications 

4.1. The projectivity of some moduli spaces. In this subsection, we assume that X is an abelian surface 
or a K3 surface with Pic(X) = ZiT. Let 

w := re f3 + apg x + (dpH + D) + (dpH + D, f3)g x , D G NS(A) Q n fl" x 

be a Mukai vector with dp(v) > and (v 2 ) > 0. Then dp > rggfe r. Assume that 



Then ai = d *i H ^ . Hence 

1 2ri 



(4.1) 



(H*)dp 1 

W! := ne P+ ^ H = r^ + d\{H + {H,p) Qx ) + o iejc . 



d x ap-dpa x 7l\ a P- d 0^zFr) 



j ) 

x| ap-dfs^- 1 -: 



d\r - dpr\ ^ r - dp 

We set /(x) := — - — ^rrj^ ~: x S Then /(a;) defines a bijection / : D — > M>o, where 

(4.2) £> := 



Ja; ,oo), r < 0, 

:= max{ FffTw~ ; 0}- F° r - T G D, we take a unique element tu x G M>o-ff such that = /(x). We define 
an injective map 

i , o\ L P '■ ^->oH — > f)K 

w i-» (r/,w), 

where (3 = bH + rj,r) G fl NS(A)q. Let / C R>o-ff be the pull-back of a chamber in f)R by ip. We set 

J := {x e R\co x G /}. 

We take a rational number A £ J. Then 0(/g, WA )(wi) = 4>(p :UJx ) (v) and wa belongs to the same chamber as 
that of oj, where W\ = r 1 e@ +XH is a primitive Mukai vector with n > 0. Hence (w) ss = A / I( ( g jtljA )(i') ss . 

Replacing w\ if necessary, we have a primitive isotropic Mukai vector w\ such that </>(/3,u A )(u>i) = (f>(p^ x ){v) 
and Xi := M(0 Wx )(u;i) is a smooth projective surface (Proposition 3.4.2). Let $ be the Fourier-Mukai 
transform in §2. Applying Corollary 2.2.3, we have an isomorphism M.rp^ x \{v) — > AAft(u) ss , where u = <&(v). 

Theorem 4.1.1. Let X be an abelian surface or a KZ surface with Pic(JT) = 7LH . Assume that (f3,u>) is 
general. There is a coarse moduli scheme Mfp >u ,\(v) which is isomorphic to the projective scheme M^{u), 
where u = $(u). 

In particular, the moduli spaces in [1] are projective, if u> is general. 

Remark 4.1.2. Maciocia and Mcachan showed the claim for v = l + 2H + ng x , where X is an abelian surface 
with NS(X) = ZH in [8, Thm. 3.1]. It is easy to see that their proof also works for any v and get the same 
result for abelian surfaces. 

4.2. The dependence of walls on (3. We shall study the structure of walls for stabilities under the 
deformation of j3. In this subsection, we assume that X is an abelian surface. Let us start with the following 
lemma. 

Lemma 4.2.1. Assume that non-zero vectors 

vt-^ne 13 +a i Qx+d i H + D i + (diH + D i ,P)Qx, A G H 1 - n NS(A)q (i = 1,2) 

satisfy (1) (vf) > and (2) Z^p ^{v\) and Zrp jU ,\(v2) are linearly dependent over K. Then d\d 2 (vi,v 2 ) > 
or d\ = c?2 = 0. 

Proof. Since Z<p^){v\) and Zrg u \(v2) are linearly dependent, we have 



(a; 2 ) 

(dir 2 - d 2 r 1 )— — = {dia 2 - d 2 ai). 



By [9, Lem. 3.1], we have 



«2>(dida) = - \{{diD 2 - d*D{?) + ^Ml + ^Ml + ( dl r 2 _ d 2ri )(d ia2 - d 2 a,) 



(4 ' 4) = - \{{d lD2 - d2Dl f) + mi + mi + {dlT2 _ d2rif ^ > o 

If the equality holds, then d\r 2 — d 2 r\ = d\a 2 — d 2 a\ = d\D 2 — d 2 D\ = 0. Thus div 2 = d 2 v\. If d\ ^ or 
d 2 ^ 0, then v\ = or v 2 = 0, which is a contradiction. Therefore the claim holds. □ 
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The following characterization of the walls for stabilities is a consequence of the Bogomolov inequality. 

Proposition 4.2.2. Assume that (v 2 ) > 0. For a Mukai vector v\, we set v 2 '■= v — v\. Then v\ Qv 
defines a wall in Sjr, if and only if (1) (u 2 ), (v 2 ) > and (2) {v\,v 2 ) > 0. 

Proof. We write 

v = re' 3 + ag x +dH + D + (dH + D, f3)g x , D e n NS(X)q, 
Vi=neP +a i Q X +d i H + D i + {d i H + D i ,f3)g x , Aeff x nNS(A) Q (i = 1,2). 

(I) Assume that v\ defines a wall, that is, there are cr^^-semi-stable objects Ei (i = 1,2) of 2l(/3,6j) with 
v(Ei) = Vi, and Ztp tU ,)(Ei) (i = 1,2) are linearly dependent over R. Then di,d 2 > 0. By Lemma 4.2.1, 
we have (i) did 2 (vi,v 2 ) > or (ii) d\ = d 2 = 0. In the first case, d > implies that d\,d 2 > 0. Hence 
(vi,v 2 ) > 0. So it is enough to consider the second case. In this case, d\ = d 2 = implies that 

(4.5) r ir2 (v u v 2 ) = "Mi + - \{{r 2 D x n D 2 f) > 0. 

If the equality holds, then r 2 D\ — r\D 2 = 0. Since Zrp u -\(vi), Zrp !UJ -s(v 2 ) G R<o by (1.2), the condition 

d\ = d 2 = and the definition of semi-stable object, we have a% — riHp- > (i = 1,2). By < (vf) = 
-2ria 4 + {D 2 ) < -2r<Oi, -r ?; > and a 4 > (i = 1, 2). If n = r 2 = 0, then r = and (w 2 ) < 0. Therefore 
ri 7^ or r 2 ^ 0. If r\ ^ and r2 = 0, then «2 = a 2 gx ^ and {vi,v 2 ) = —r\a 2 > 0. If ri,r2 ^ and 
Tir 2 {vi,v 2 ) = 0, then (w 2 ) = (v 2 ) = and D\/r\ = D 2 /r 2 . Hence vi = Tie Di l ri (i = 1,2), which implies v is 
isotropic. Therefore if r\,r 2 ^ 0, then r\r 2 {v\,v 2 ) > 0. Hence r\,r 2 < and (vi,v 2 ) > 0. 

(II) Conversely assume that (v 2 ),(v 2 ) > and (vi,v 2 ) > 0. For (f3,oj) with Zrp u -\(v) € iUl<o, assume 
that Z(p^)( v i) (i = 1, 2) are linearly dependent over R. We shall show that Z^^(vi), Z^ M ^(v 2 ) € IUl<o. 
Then there are aip w )-semi-stable objects (i = 1, 2) of 2t(^, w ) with v{Ei) — vi. This means that V\ defines 
a wall for v. 

We first assume that d > 0. In this case, Lemma 4.2.1 implies that d\,d 2 > 0. Hence we get 
2(M(«i),% !U )h)eiUR<o. 

If d = 0, then we have < (v 2 ) = -2ra + (D 2 ) < -2ra and -Z^ >ul )(v) = -r&p- + a > 0. Hence 
— r, a > 0. By Lemma 4.2.1, d = d\ + d 2 and (vi,v 2 ) > 0, we have d\ = d 2 = 0. Then by (4.5), we have 
fir 2 (vi,v 2 ) > or rir 2 = 0. For the first case r\r 2 {vi,v 2 ) > 0, our assumption implies that r\r 2 > 0. Since 
—r\a\ > and — r 2 a2 > 0, —a\/r\, —a 2 /r 2 > 0. Since 

(w 2 ) 

(4-6) 



(a; 2 ) ai\ / (w 2 ) a 2 
n — r 2 



n / \ ^ r 2 

we have — r±, —r 2 > 0. Therefore Ztp u ^(vi), Z^^(v 2 ) € R<o- For the second case rir 2 = 0, we may assume 
that n = r < and r2 = 0. Then we see that v 2 = a 2 gx- Since (vi,v 2 ) = —r\a 2 > and n < 0, 02 > 0. 
Since < (w 2 ) < -2nai, a 1 > 0. Therefore Z^ iU) (vi),Z^ iU) (v2) G M< . □ 

We set /? := /?o + si?, s < dp /r. Then d(s) := ^(u) and di(s) := dp(vi) (i = 1,2) are function of s. We 
note that the conditions in Lemma 4.2.1 are independent of s. By Lemma 4.2.1, we have the following. 

Lemma 4.2.3. Assume that (v 2 ), (v 2 ) > 0. We take (s,t) in 

C:={(s,t) I T,(p tH) (v, vi) = 0, i>0, d(s) > 0}. 

Then the following conditions are equivalent: 

(1) < di(s) < d(s) at a point (s,t) £ C. 

(2) < di(s) < d(s) for all (s,t) 6 C with d(s) > 0. 

(3) ( Vl ,v 2 ) > 0. 

Remark 4.2.4. Keep the notation as above. We note that rid 2 (s) — r 2 dx(s) does not depend on the choice 
of s. Assume that the constant r\d 2 {s) ~ r 2 d\{s) ^ and {v\,v 2 ) > 0. Then di(s)d 2 (s){v±, v 2 ) > and 
d(s) ^ for all (s,t) G C. 

Indeed if d\[s) = d 2 (s) = 0, then rid 2 (s) — r 2 d\{s) = 0. By Lemma 4.2.1, we have di(s)d 2 (s)(vi, v 2 ) > 0. 
Since (v\,v 2 ) > 0, di(s)d 2 (s) > 0, which implies that d(s) ^ 0. 



For an isotropic Mukai vector 
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we see that 

(a; - s) (ap 0+sH - dp 0+sH (x - s)^^ 



(4.7) 



(x - s)r - (dp - rs) 
(x - s) (ap - dp s(H 2 ) + rs 2 ^^- - (dp - rs)(x - s)^^- 



xr - dp 

(x - s) (ap - dp x^?Ll + s(rx - dp )^^-\ 



(4.8) 



xt - dp 

Hence we define ui s , x by 

(u 2 x ) ( x - s ) ( a Po ~ dfoX^ip- + s(rx - d Po )@p.) 



xr - dp 



Corollary 4.2.5. Assume that u> s _ x is general with respect to v. Then M.(p^ s x )(v) does not depend on the 
choice of s. 



Proof. For the Mukai vector wi, we set X\ := Mh{w\) and let E be a universal family on X x X\. The 
isomorphism M.(p >ula x )(v) — > Ai~~(w) ss is defined by the Fourier-Mukai transform ^jf-lxi' which is inde- 
pendent of the choice of s. Since Ml* (w) ss is independent of the choice of s, we get the claim. □ 

4.3. Ample line bundles on M^p w \{v). We fix j3 in this subsection. We set 

(4.9) ^:= r -^^ = ^P^(H,.). 

dp LmZ { p iU) (v) 

Then 



We set 



(4.10) 



{tp u \u £ R >0 H} = [ —f,oo 



&, -TT-HH + {H,p) Qx ) + dp(H 2 )g x ) - ^(ap(H + (H.f3)g x ) + dp(H 2 )e^) 
zap dp 

=<p u ( H + U ^) Qx) (H 2 ) {f - a -f Qx ) , (r * 0). 



For <jj = A <E Q, we set 7 := j3 + XH. Let w\ = rie^ +XH be a primitive isotropic Mukai vector with 
nX > 0. We set X 1 := M^{w\). 

Lemma 4.3.1. By the Fourier-Mukai transform $ : D(X) — > ~D a (X{), we have 

(4.11) = 1 - A xkwH + {H, Cl { W ))Q Xl ), 

\ri\(dp - Xr) 

where w = W^e afeo /iawe 

(4.12) - ^ (V + = (ef - ^g X ) +x(h + (h, C -M) Qx 



Proof. We note that 



r I r 

r 



(4.13) =e - ^g x + x(h+ {H,p) Qx + ^(H 2 )g x 

r \ r 

= (.«-%,) + a(h+(^ 



Qx 



and 

aff -rA 2 ^p _ q 7 + d 7 A(g 2 ) 
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Then we see that 

a 7 + d 7 A(i? 2 ) 



(4.15) 



H 



H. 



H + 

Ci(v) 



H. 



ci(v) 



Qx 



)-(« 



qx )(H 2 ) + (H 2 )X 



Qx 



Qx ) — [e y — —Qx I (H 



■(H + (H,-y) 0x ) - (H 2 )e> 



Hence 



(4.16) 



where we used the equality 



— ria 7 

\n\dj 

rk w 



(H + (H, 1 ')g Xl ) + 



\ri\dy 
1 



(h+(h,y) QXi : 



Qx 1 

ri 

(H, d^H) 



Qx 1 



|n|d 7 
ci(io) 



(rkwH + (H,ci(w))g Xl ] 



n 



d 1 H + rkwy' + D^(w). 



We also have 



rk r < 



(4.17) 



(e 7 , w) 



-Qx x 



=e' Qx 

r 



( a a /3 
= [e p - -yQx 



AH 



H. 



d(v) 



Qx 



□ 



Assume that v 2 '■= r 2 e@ 

(4.18) 

Then 
(4.19) 

Hence 

(4.20) («2,e u ) = V 

From now on, we assume that \ = 



a 2 gx + (d 2 H + D 2 ) + {d 2 H + D 2l /3)g x satisfies 

(<^ 2 ) _ d 2 ap - d B a 2 
2 d 2 r - dpr 2 



r 2 



r 2 a B - ra 2 
d 2 r - d 8 r 2 



r 2 - a 2 ) (H 



0. 



I. Then we have a homomorphism 
e v :v^^H 2 {M {M (v),Z) 
which preserves the Hodge structures. If X is a K3 surface and v is a primitive Mukai vector with (v 2 ) > 2, 



then M(b,u)W) is an irreducible symplcctic manifold deformation equivalent to Hilb^- 



K)/2+l 



by Theorem 



4.1.1 and [11]. We regard H 2 (M(g^(v) 7 Z) as a lattice by the Beuville's bilinear form ([2]). Then 9 V is an 
isometry. If X is an abelian surface, then we have the albanese morphism a : Mtp tU -\(v) -^Ixl, which is an 
etale locally trivial fibration. Let K(b,u>)( v ) be the albanese fiber. Assume that v is primitive and (v 2 ) > 6. 
If lj is general, then K(^g ^(y) is an irreducible symplectic manifold which is deformation equivalent to the 
generalized Kummer variety constructed by Beauville [2] . We have an isomorphism 

(4.21) v x -> H 2 (M {g ^(v),Z) -> H 2 {K {M {v),Z) 

which preserves the Hodge structures (cf. [11]). We also denote this map by 8 V . Thus we have an isomorphism 

(4.22) 6' v :v ± n IT(A,Z) alg NS(M (M (v)) -> NS(K {g ^(v)) 
as the restriction of 9 V . 

Proposition 4.3.2. Assume that u> belongs to a chamber I. Then 0„(^) € NS(Mrg. u \ ((*'))r belongs to the 
ample cone of Mrg iU \(v). 
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Proof. For u\ E I, A € Q, we take the isomorphism <3> : M/p Uj \(v) — > M~ (w). By Lemma 4.3.1 and Lemma 
5.2.2, 

(4 23) =FW^M^K 

-| ri |(^-Ar)^ lJ 

is a nef divisor on Ml (w). Hence 9 v {£,uj x ) belongs to the nef cone of M^p^(v). Moreover by Lemma 5.2.2, 
®(0v(£u)), to £ I spans a 2-plane containing an ample divisor. Hence V (^), lu G I belongs to the ample 
cone of Mip^-\{v). □ 

Corollary 4.3.3. Let v be a primitive Mukai vector. 

(1) Assume that X is a K?> surface with NS(JT) = IFL and (v 2 ) > 2. For a chamber I = (wi,^) C 
M>o-ff such that uji,uj2 belong to walls, 

(4.24) Amp(M ( p !U)) (v)) K D 0„({R>oO £ /}). 

(2) Assume that X is an abelian surface and (v 2 ) > 6. For a chamber I = (cji,W2) C R>o-ff such that 
Wi,W2 belong to walls, 

Amp(M { p tU) (v)) M n L = 9 v ({R >0 ^\uj e /}), 

where 

L := {6 v (x)\(x, v) = 0, x € Me' 3 + M(i/ + (H, f3)g x ) + Rgx}- 

In particular, ifNS(X) = 7,H, then 

Amp(K (M (v)) R = 9 v {{R >a ^\uj e /}). 

Proof. (1) is obvious by Proposition 4.3.2. 

(2) Assume that ui belongs to a boundary of / defined by a wall W Vl . We set V2 := v — v\. We may 
assume that (j>tp u )(v{) < (/>(p lU )(v). Assume that (ui,^) > 2 and there are <T(^ ]U )-stable objects Ei, i = 1,2 
with = fi. Let P be the projective space associated to Ext 1 (£ , 2, We take the associated extension 

O^Pi(A) E^ E 2 ->0 

on P x I, where Op(A) is the tautological line bundle. Then by using (4.20), we see that 0„(£ w )|p = Op. 
Thus #„(£ w ) is not ample. 

We next treat the remaining case. By Proposition 5.3.2, replacing v\ by another Wi, we may assume that 
(i) v = V! + nv 2 , (vj) = (uf) = and (ui,« 2 ) = 1 or (ii) u = w x + «2 + «3, (vf) = 0, = 1, (i ^ j). 

In the first case, we note that n = (v 2 )/2 > 2. We take E\ G Mfp u )(i)2) and E 2 € M^g w )(u — 2v%). Since 
Ext 1 ^!,^!) C, we have a family of non-trivial extensions F of E\ by E\ parametrized by a projective 
line P. Then F (B E 2 is a family of semi-stable objects and we have 6>„(£ w )|p = Op. Thus 6 V (^ U ) is not 
ample. In the second case, for the P 1 -bundlcs in Corollary 5.3.6, we can easily see that 9 v {S lLll )\D i is trivial 
along the fibers of the P 1 -bundlcs. Thus 6 V (£ U ) is not ample. □ 

Remark 4.3.4. The homomorphism 

9' v : tr 1 n H*(X, Z) a i g -> NS(A/ (/3 ^)(tO)Q 
is defined over any field t. Replacing 0„ by Proposition 4.3.2 holds over any field £. 

5. Appendix 

5.1. Another proof of Theorem 2.2.1. Assume that Xi is a fine moduli scheme, that is, E is an untwisted 
object. Then Theorem 2.2.1 directly follows from [4, Prop. 10.3], as we explain below. 
We note that 



(5.1) 



Hence 



20 



where 



(5.3) 



H A(^-7) 2 )-(^) 



)" + (/3-7,^) 2 



((/3"7) 2 )-(^ 2 ) 



((/3- 7 ) 2 )-(c 2 ) 



C8-7) + C8-7,w)w 



Since ($(e 



, = Z( ( g u )($(x)), we get the following commutative diagram: 

0(X)-^*0(X l ) 



with 



C = -n 



xC" 1 

((/3- 7 ) 2 )-(o, 2 ) 



C 



We set /3 = 7 — Ai/ — i/ with 1/ € iJ- 1 . Then we see that 

((/?-7) 2 )-(^ 2 ) 



w-C8-7,w)C8-7) 



_A 2 (i/ 2 ) + 0, 2 )-(w 2 )(ii» 



(5.4) 



<H,w) 



2 (ff 2 , 
-A 2 (ff 2 ) + (^)-( w 2 ) 



= -(H,co)L 
where L is dchncd in Definition 2.1.2, and 

((/3- 7 ) 2 )-(^ 2 ) 



2(ff 2 



( ( S-7) + (/3-7,cj)w 



i?- \{H,u))(\H + v) 
H - \v 



(5.5) 



A 2 (^ + (, 2 )-(. 2 ) (AH ^ ) + Ww) ^ 



(AiJ + ^) + X(u! )H 

XH A 2 (g 2 ) + (^ 2 )-(^ 2 ) 





2 


A 2 (if 2 ) - 


h (^ 2 ) - ( W 2 ) 




2 


A 2 (ff 2 )- 


h(^ 2 ) + (w 2 ) 


2 



Proposition 5.1.1. [4, Prop. 10.3] Assume that X\ is a fine moduli space of a rg^) - stable objects, that is, 
E is an untwisted object. Then rj is ample and $ preserves the Bridgeland stability condition. Thus F is 



a '(b,u)~ semi- stable if and only if <&(F) is a 



-semi-stable. 



U<f> (f)tU) (F) = ^)(r ie T), then ^^(^(F)) = ^,^(^[-1]) = (mod 2Z). Hence F is a cr (/3 , w) - 
semi-stable object with <j)(i3^){F) = 0(^ jW )(? , ie 7 ) if and only if $(F)[1] is a cr ( 7 '+^ semi-stable object with 
<f>, , ? -,($(F)[l]) = 1. This is equivalent to the condition that i/" 1 ($(F)[l]) is a /i-semi-stable torsion free 

sheaf of (c 1 (H^ 1 (^(F)[l])(-£ : )),f]) = with respect to rj and that H°(<&(F)[1]) is a 0-dimensional sheaf. 
Thus we get another proof of Theorem 2.2.1. 

Remark 5.1.2. For E G K(Xi), (2.7) is equivalent to {ci{E(-^' - £)),L) = 0: 
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Indeed wc first note that 



A(A 2 (tf 2 ) + (u 2 ) + ^ 2 ))(A 2 ( g 2 ) + (^ 2 )-(^ 2 )) 2 , A 2 (g 2 )-(a, 2 ) + (^ 2 ) 

r¥ j n 



(5.6) 



4 



A 2 (i7 2 )-(^ 2 )-(z, 2 ) 



+ X 2 (H 2 )(uj 2 ) 



/((/3- 7 ) 2 )-( w 2 )^ 



+ C8-7.W) 



2 



Since 



we have 



L = — r^m ^ 

(uj,H) 



(5-7) A =M o +(/?-7,w) ?• /.. rr> = l r i I (AO- 



Thus we get 
f ((£ 

(5-8) ^ff) 



^ ^— |n | ((d^-y)),^ - rkE&rj)) =(ci(B(-y)),L) - - — rA 



=(ci(£?(-7 , -^) > 2). 



5.2. Polarizations on the moduli spaces of stable sheaves. Let X be a smooth projective surface 
with an ample divisor H. In this section, we study Simpson's polarization [10] of the moduli spaces of 
/3-twistcd stable sheaves. For a topological invariant v (e.g. Chern character or the equivalence class in the 

Grothendieck group K(X) top of topological vector bundles), M H (v) denotes the moduli space of /3-twisted 
semi-stable sheaves. We take a locally free sheaf G with °£q = (3. Let Q ss be the open subscheme of 
Quot £ j/_ nH Ag 1 y/_y such that M H (v) = Q ss //GL(V), where V is a vector space of dimension x{G, E(nH)), 

E € Mff(v) and the action of GL(V) is the natural one coming from the action on G(—nH) ® V. Let 
Q be the universal quotient on Q ss x X. Then Q\{ q } x x ' 1S G-twisted semi-stable for all q € Q ss and Q 
is GL(V")-lincarizcd. By the construction of the moduli space, we have a GL(V)-cquivariant isomorphism 
V -> pq°s*(G v ® Q(n-ff)). Wc set 

£ m ,„ := det p Q ..,(G v g) Q((n + m)tf ))® p (") ® detp Q33 ,(G v ® Q(nff))®(- p ( m+Il » 

= det pqss,(G v g> Q((n + m)H))® p ^ ® det y®(-P(m+»)) ( 

where P(n.) := x(G, E(n)) is the G-twisted Hilbert polynomial of E 1 6 M^-(«). It is a G£(V)-linearized line 
bundle on Q ss , i.e., £ m . n <E Pic GL ^(<2 ss ). By the construction of the moduli space, we get the following. 

Lemma 5.2.1. C m . n , m > ?i > is the pull-back of a relatively ample line bundle on M^ H (v). 
We set 

(5 - 10) . () 

£2 := - I e Q X 

For ni, n-2 <E Q, let £(ni£i + ^2^2) S NS(M ff (u))q be an algebraic equivalence class of a Q-line bundle such 
that 

g*(£(nx6 + nafc)®*) = detp ~,(e ® F v ) e Pic GL ( y >(Q ss ), 
where P <E satisfies ch(F) = N(rii£i + ^2^2), N S> 0. Then we have a homomorphism 

( 5 .11) Q* 2 NS(M*(t;)) Q 

(ni,n 2 ) ^ £(ni£i + n 2 6). 

2.2. £(£1 + £&) a Q-an 

nef divisor. 



Qx 



Lemma 5.2.2. £(£1 +££2) is a Q-ample divisor on M H (v) for < e <C 1. In particular, £(£1) defines a 
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Proof. We note that 

X (G V ® E{nH)) ch(G v ((n + m)i?)) x(G v ® E((n + m)i?)) ch(G v (nE)) 



rkGrkE rkG rkGrkE rkG 

( X (G V ®E) / ci(g) Cl (G) E x \ (E 2 ^ 



-n 2 



V rkGrkE V ' rk ^ rkG 2 / 2 

/ch(G^) / / Cl (G) \ \,(H 2 ) a 



fx(G y ®E) . , / ci(E) ci(G) KjA (E 2 ), 



V rkGrkE v ' V f kE rkG 2 / 
ch(G v ) / / Cl (G) \ \ (E 2 ) 2 

n(n + - Xflff^ f-E + (*, m - ^ ) « 



rkGrkE J V V rk£; 2 
(2n + m) — h E, — — — — Qx 



chG x 



and 



Since 



lim 



rkE rkG 2 J J V rkGrkE c rkG 



X(G V E) _ chG^ 
rkGrkE ffX rkG 62 ' 

(2» + m)^ + (E,^-^§-^)_l 



m— J-OO tn(r> -L- m l 

( g2 ) _ x(G v ®£) n 

and n is an arbitrary large integer, we get the claim. □ 

5.3. Some results to study the nef cone. In this subsection, we shall give some results which are used 
in the proof of Corollary 4.3.3 (2). So assume that X is an abelian surface. 
We start with the following lemma. 

Lemma 5.3.1. Let vi,V2 be Mukai vectors such that Z^p^iv^) €E K2(^ u )(t)i). 

(1) If dp(vi), dpivi) > 0, then (vi,V2) > and the equality holds only if (vp = and V2 G Qvi. 

(2) If (vi,v 2 ) > and dp(vi) > 0, then dp(v 2 ) > 0. 

(3) Assume that (v\,V2) = 1, dp(vi) > and (vp < (v 2 ), then (vf) = and V2 = v 2 + nvi, where v' 2 is 
an isotropic Mukai vector with dp(v 2 ) > 0. 

Proof. (1) is a consequence of the formula 

(VUV2) _ l(( Dp(vi) Dp(v2) y\ (vp (vp 
dp{vi)dp{v 2 ) 2\\dp(v 1 ) dp{v 2 )) ) 2dp{v 1 y 2dp(v 2 ) 2 

+ ( r f}(vi) _ r p( v 2) \ f apjvi) _ ap^Y 
\dp(vi) dp(v 2 ) ) \dp(v{) dp{v 2 ) t 

for dp{v{),dp{v2) > (see also [9, Lem. 3.1.1]) and the assumption Z(p^)(v2) G ^Z^p^(vi). 

(2) If dp(v 2 ) < 0, then applying (1) to v\ and — v 2 , (vi,V2) < 0, which is a contradiction. Therefore 
dp(v 2 ) > 0. By Z(p t u){v2) G RZ(p !U )(vi), dp(v 2 ) ^ 0. Thus the claim holds. 

(3) If (vp > 2, then (vi,v 2 ) > 3 by [9, Lem. 4.2.4 (1)]. Hence (vp = 0. We set v' 2 := v 2 - ^fV. Since 
(vi,v' 2 ) = 1 and dp(v\) > 0, (2) implies that dp{v' 2 ) > 0. □ 

Proposition 5.3.2. Assume that v = ^* =1 TiiVi, where Vi are primitive Mukai vectors such that Vi 7^ Vj 
(i ^ j) and <f>(p, u )(vi) = (j)(p^){v). 

(1) If s > 4, then there are a \p.u)~ stable objects Ei,E 2 such thatv = v(Ei)+v(E 2 ) and (v(Ei),v(E2)) > 
2. 

(2) Assume that s = 3. Then there are a/p >ul ystable objects E\,E 2 such that v = v(E\) + v(E 2 ) and 
(v(Ei),v(E2)) > 2 unless (vf) = 0, (vi,Vj) = 1, i 7^ j and n\ = ri2 = n.3 = 1. 

(3) Assume that s = 2. Then there are a \p.u)~ stable objects Ei,E2 such that v = v(E\) + v(E 2 ) and 
(v(Ei),v(E 2 )) > 2 unless (a) there is an isotropic Mukai vector w± such that (v,Wi) = 1 and 
4>{p,u>){wi) = <t>{p,u){v) or (b) rii = n 2 = 1, (vp = (vp = and (vi,v 2 ) = 1. 

Remark 5.3.3. In the case of (a) in (3), we have wi — Vi, ri2 = 1 or wi = V2 and ni = 1. We also have 
(vi,v 2 ) = 1. 
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Proof. (1) If s > 4, then Lemma 5.3.4 below implies that there is a ov^^-stable object E\ with v(E\) = v—V\. 
Let E2 be a cr^ ^-stable object with v (E 2 ) = v\. Then the claim holds. 

(2) We first assume that (ni, 77,2, n^) ^ (1, 1, 1). We may assume that ri\ > 1. Then there is a er^ w )-stablc 
object Ei with v(E\) = v — Vi. Let E2 be a cr(^ jtlJ )-stable object with v(E2) = Vi. Then the claim holds. 

We next assume that ri\ = ri2 = n% = 1. We shall classify the Mukai vectors for which the claim does not 
hold. We divide the argument into two cases. 

(2-1) If (vi,V2) > 1, then Lemma 5.3.4 (2) below implies that there is a am jW )-stable object E\ with 
v(E 1 ) = Vi + V2- For a ov^^-stable object E 2 with ^(£2) = V3, (u(£i), ^(£2)) > 2. Thus the claim holds. 

(2-2) We next assume that (vi,Vj) = 1 for i ^ j. If n := (vf)/2 > 0, then (vi,i)i) = 1 (i = 2,3) implies 
that (v 2 ) = (uf) = by Lemma 5.3.1 (3). Since v[ := v\ — nv2 satisfies (v'j 2 ) = and (v[,v 2 ) = 1, we get 
> by Lemma 5.3.1 (2). Then < (v[,v^) = («i,i>3) — n < 0. Therefore (vf) = 0. In this case, 
(v 2 ) = 6. 

(3) We may assume that (vf) < (3-1) We first assume that (1)1,1)2) > 2 and divide the argument 
into two cases. 

(i) Assume that (vf) > 0. If there is a primitive isotropic Mukai vector w\ such that (vi, Wi) = 1, then 
v\ = Ui + nwi, (uf) = 0. Then v = n\Ui + riinwi + and Ui, u)\ and V2 are different primitive 
vectors. By (2), we get the claim. 

Otherwise, by Lemma 5.3.4, there are cr^ ^-stable objects Ei,E2 with v(E x ) = v\,v(E2) = v 2 - 
Since (wi,^) > 3, we get the claim, 
(ii) Assume that (vf) = 0. By Lemma 5.3.4, if there is an integer i with n, > 2, then there is a 
ovg w \-stable object E x with v(E\) = v — i>i. For a ov^^-stable object E2 with v(E2) = «i, 
(v(E 1 ),v(E 2 )) > 2. Thus the claim holds. 

If m = n 2 = 1, then for ov^-j-stable objects Ei (i = 1, 2) with u(£j) = the claim holds. 

(3-2) Assume that (vi,v 2 ) = 1- By Lemma 5.3.1 (3), (vf) = 0. Wc set v' 2 ■= v 2 — ^-Vi an< ^ se * 

n'i := ni + n 2 -^-. Then v = n[vi + n2i)' 2 , (vi,v' 2 ) = 1 and (v' 2 ) = 0. 

If n'i = 1 or r&2 = 1, then i>i or ii 2 is an isotropic Mukai vector wi with (v,wi) = 1. Hence we assume 
that ri2 > 2. 

If ni = 2, then (i) m = 2 and = 0, or (ii) m = 1 and n 2 (v 2 )/2 = 1. Since 77,2 > 2, (ii) does not occur. 
The case (i) corresponds to (b). If n\ > 3, then Lemma 5.3.4 implies that there is a -stable object £1 
with i>(£i) = (n'i — l)vi + n 2 w 2 - For a org^j-stable object £2 with ^(£2) = w i, ( u (£i), ^(£2)) = n 2 > 2. 
Therefore the claim holds. □ 

Lemma 5.3.4. Let v be a Mukai vector such that (v 2 ) > and dp(v) > 0. 

(1) If there is no isotropic Mukai vector w± with (v,Wi) = 1 and <f>rp tU \(wi) = 4*(/3,uj)( v ); then there is 
a o~tp^)- stable object E with v = v(E). 

(2) Assume that v has a decomposition v = 2l=i n i v i> where t>, are primitive Mukai vectors such that 
v i 7^ v j (* 7^ j)> ( V f) — and 4>(p^)( v i) = 4>(i3.ui)( v )- Then there is a a/ p u ) -stable object E with 
v = v(E), unless there is an isotropic Mukai vector w\ with 4>(p yUJ )(wi) = 4>(p,u)( v ) an d ( v i w i) = 1- 
In particular if s > 3 or s = 2 and (vi, v 2 ) > 2, then there is a o~(p llA j) -stable object E with v = v(E). 

Proof. (1) By [9, Prop. 4.2.5], Mrp u+ \(v) n M.tp tUJ _)(v) 7^ 0, if there is no isotropic Mukai vector w\ with 
(v, wi) = 1. Since (v 2 ) > and M.<p u+ )(v) is isomorphic to a moduli stack of semi-stable sheaves (Theorem 
0.0.1), [7, Lem. 3.2] implies that there is a (T( ( g jW+ )-stable object E in M.(p tU+ )(v) n M.(p lU _)(v). Then E is 
o-^j-stable. Indeed for a subobject Ei of E with <p^^(Ei) = 4>(f}^)(E), cj}^^(E x ) < <j>(p, u ±)(E)- Then 
( t > (p,u±)(Ei) = (f>rp tU± \(E), which implies that E is properly <Jm >u ,)- semi-stable. Therefore £ is tT(^ iW )-stable. 

(2) We first assume that s > 3. Then for any isotropic Mukai vector u)i with = 4>(p,u))(i)), 

(v, Wi) > 2 since there are two different indices 1 < i, j < s such that 

(V, If) > Hi(Vi,Vj) + Hj(Vj,w) > Hi + Uj > 2. 

Here we used Lemma 5.3.1 (1). By (1), the claim holds. 

We next assume that s = 2. Let Wi be an isotropic Mukai vector with 4>(p :LU )(wi) = (j>m >u )(v). We have 
(wi,v) > n% + ri2 > 2, if w ^ fi,U2- Hence if (ui,U2) > 2, then the assumption of (1) also holds. So the 
conclusion follows from (1). 

If (vi, v 2 ) = 1, then we may assume that = (vf) < by Lemma 5.3.1 (3). In this case, v = n\v\ +n2V 2 , 
where v' 2 = 1)2—^-^-1)1 and n'i = ni+n2^^-. If n[, n2 > 2, then the assumption of (1) holds. So the conclusion 
follows from (1). If n[ = 1 or n 2 = 1, then there is an isotropic Mukai vector wi with (v,wi) = 1. □ 

Lemma 5.3.5. Let Vi (i = 1,2,3) be primitive isotropic Mukai vectors such that (i>i,Vj) ~ 1 (i =/= j). 
4>(p.u)){ v i) = D an d 1) = Ylj—t v i- L^t (/?', w') be a general pair which is close to (/3,lj). 
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(1) Assume that <t>(pi u i)[vi), <i>(B' < 4>(i3' .u>'){ v )- For Ei G M-ip,u){ v i)> we take non-trivial exten- 
sions 

^ E 1 ^ E 13 ^ E 3 ^ 

and 

0^E 2 ^E 23 ^E 3 ^ 0. 
Then E\ 3 and E 23 are a v^/ jW a- stable objects. We take non-trivial extensions 

— > ivi — > S123 — > E23 — ^ 

and 

-> £ 2 -> £213 -> S13 -> 0. 
T7ien E123 arcd E213 are er / |W n- stable objects. 

(2) Assume that 4>(P' ,u)')( v i)i fop' ,u')( v 2) > 0(,3'.w')( w )- For Ei G .Mrg jW )(?;j), we iafce non-trivial exten- 
sions 

-> S 3 -> S 3i -> -Ei -> 

and 

-> £3 -> £ 32 -> £ 2 -> 0. 
Then E 3 \ and E 32 are atpt ^-stable objects. We take non-trivial extensions 

-> £31 -> E312 -> £ 2 -> 

and 

— > E 32 — y E 32 i — y E\ — > 0. 
Then £312 and £321 are a^> M >y stable objects. 

Proof. We only prove the avg/ iW A -stability of £123 in (1). Assume that £123 contains an object F with 
,u'){F) > (t>(/3',u'){ v )- We may assume that <f>tp u ){F) = <j>m, u ){ v )- Then we see that (i) F = E 3 or (ii) 
E 123 /F S £7i or (hi) £i 23 /E = £2 • If F = £3, then £ 23 ~ £2 © S 3 . If £i 23 /£ ~ Si, then £i 23 = E 23 © Si. 
If E 123 /F = £ 2 , then Ei <Z F and E23 contains S/S 2 = S3. Therefore each case does not occur. Hence 
S123 is o-^/^/j-stable. □ 

Since («i + i>2, 1*3) = 2, we get the following result. 

Corollary 5.3.6. Under the same assumptions of Lemma 5.3.5, Mtpr iU i\(v) contains two P 1 -bundles D\, 
D 2 overl\ i=1 M(p iW )(vi). 

Remark 5.3.7. It seems that they intersect transversely. Thus D\ and D 2 give an ^2-type configuration. 
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